Abstract. Let X be a complex topological vector space with dim(X) > 1 and B(X) the set of all continuous linear operators on X. The concept of hypercyclicity for a subset of B(X), was introduced in [1] . In this work, we introduce the notion of hypercyclic criterion for a subset of B(X). We extend some results known for a single operator and C 0 -semigroup to a subset of B(X) and we give applications for C-regularized groups of operators.
Introduction and Preliminary
Let X be a complex topological vector space with dim(X) > 1 and B(X) the set of all continuous linear operators on X. By an operator, we always mean a continuous linear operator. If T ∈ B(X), then the orbit of a vector x ∈ X under T is the set Orb(T, x) := {T n x : n ∈ N}.
An operator T ∈ B(X) is said to be hypercyclic if there is some vector x ∈ X such that Orb(T, x) is dense in X; such a vector x is called a hypercyclic vector for T. The set of all hypercyclic vectors for T is denoted by HC(T ). Recall [4] that T ∈ B(X) is said to be topologically transitive if for each pair (U, V ) of nonempty open subsets of X, there exists n ∈ N such that
The hypercyclicity criterion for a single operator was introduced in [3, 10, 16] . It provides several sufficient conditions that ensure hypercyclicity. We say that an operator T ∈ B(X) satisfies the hypercyclicity criterion if there exist an increasing sequence of integers (n k ), two dense sets X 0 , Y 0 ⊂ X and a sequence of maps S n k : Y 0 −→ X such that:
(i) T n k x −→ 0 for any x ∈ X 0 ; (ii) S n k y −→ 0 for any y ∈ Y 0 ; (iii) T n k S n k y −→ y for any y ∈ Y 0 .
For a general overview of hypercyclicity and related properties in linear dynamics, see [2, 5, 9, 11, 12, 13, 14, 17, 18] . Recall [13, Definition 1.5.] , that an operator T ∈ B(X) is called quasi-conjugate or quasisimilar to an operator S ∈ B(Y ) if there exists a continuous map φ : Y −→ X with dense range such that T • φ = φ • S. If φ can be chosen to be a homeomorphism, then T and S are called conjugate or similar. Recall [13, Definition 1.7.] , that a property P is said to be preserved under quasi-similarity if the following holds: if an operator T ∈ B(X) has property P, then every operator S ∈ B(Y ) that is quasi-similar to T has also property P. If Γ ⊂ B(X) and x ∈ X, then the orbit of x under Γ is the set
The notion of hypercyclic set of operators, was introduced in [1] : A subset Γ of B(X) is said to be hypercyclic set of operators or hypercyclic set, if there exists some x ∈ X such that Orb(Γ, x) is a dense subset of X; such vector x is called a hypercyclic vector for Γ or hypercyclic vector. The set of all hypercyclic vectors for Γ is denoted by HC(Γ).
It is clear that T ∈ B(X) is a hypercyclic operator if and only if Γ = {T
n : n ∈ N} is a hypercyclic set. In this case, we write Orb(T, x) instead of Orb(Γ, x).
Recall that a subset of a topological space X is called a G δ set if and only if it is a countable intersection of open sets, see [21] .
In [4] , Birkhoff has shown that the set of hypercyclic vectors of a single operator is a G δ set. In section 2, we show that this result holds for the set of hypercyclic vectors of a set of operators. We also introduce the notion of quasi-similarity for sets of operators. We prove that hypercyclicity for a set of operators is preserved under quasi-similarity. In section 3, we study the notion of topologically transitive set introduced in [1] . In addition, we introduce the notion of hypercyclic criterion for sets of operators and we give relations between these two notions and the concept of hypercyclicity for sets of operators. We also prove that the topological transitivity is preserved under quasi-similarity. In section 4, we give applications for C-regularized group of operators. We prove that, if (S(z)) z∈C is a hypercyclic C-regularized group of operators and C has a dense range, then (S(z)) z∈C is topologically transitive.
Hypercyclic Sets of Operators
We begin this section by given an example of hypercyclic set of operators. This example shows that there exists a hypercyclic set that is not of the form {T n : n ∈ N}, where T ∈ B(X).
For all polynomial p = a 0 + a 1 x + · · · + a n x n with a 0 . . . a n ∈ C and n ∈ N. Let T p be an operator defined on ℓ 2 (N) by
Orb(Γ, x) = {(a 0 e 0 , a 1 e 1 , . . . , a n e n , 0, . . . ) : a 0 , . . . , a n ∈ C, n ∈ N} = span{e n : n ∈ N}.
Hence, Orb(Γ, x) = span{Orb(Γ, x)} = ℓ 2 (N), and so Γ is a hypercyclic set of operators.
Let T ∈ B(X) be a hypercyclic operator. Bourdon and Feldman [6] proved that if x ∈ HC(T ), then T x ∈ HC(T ) and if p is a nonzero polynomial, then p(T ) has dense range. These results does not hold for every hypercyclic set of operators. Indeed, if Γ is defined as in Example 2.1, then (e k ) k∈N is a hypercyclic vector for Γ, but T p ((e k ) k∈N ) is not a hypercyclic for Γ, for all polynomial p. Moreover, T p is not of dense range, for all polynomial p. However, we have the following result.
Let Γ ⊂ B(X). We denote by {Γ} ′ the set of all elements of B(X) which commute with every element of Γ. Proposition 2.2. Let Γ ⊂ B(X) be a hypercyclic set and T ∈ B(X) be an operator with dense range. If T ∈ {Γ} ′ , then T x ∈ HC(Γ) for all x ∈ HC(Γ).
Proof. Let O be a nonempty open subset of X. Since T is continuous and and of dense range,
Hence Orb(Γ, T x) meets every nonempty open subset of X; consequently, Orb(Γ, T x) is dense in X, which implies that T x ∈ HC(Γ).
Proof. Let α ∈ C \ {0} and x ∈ HC(Γ). Then T = αI is a continuous map with dense range and T ∈ {Γ} ′ . Hence, by Proposition 2.2, αx ∈ HC(Γ).
In the following Definition, we introduce the notion of quasi-similarity for sets of operators. In [15] , Herrero showed that the hypercyclicity of operators is preserved under quasi-similarity, see also [13, Proposition 2.24 ]. In the following proposition, we prove that this result holds for sets of operators.
Proposition 2.5. Let X and Y be topological vector spaces and let Γ ⊂ B(X) be quasi-similar to
Corollary 2.6. Let X and Y be topological vector spaces and let Γ ⊂ B(X) be similar to
The direct sum of two hypercyclic operators is not in general a hypercyclic operator. Indeed, Salas [20] , De la Rosa and Read [8] and Herrero [15] showed that there exist T 1 and T 2 hypercyclic operators such that the direct sum T 1 ⊕ T 2 is not hypercyclic. However, if T 1 ⊕ T 2 is hypercyclic, then T 1 and T 2 are hypercyclic, see [13, Proposition 2.25 ]. In the following proposition, we prove that this result holds for sets of operators.
Let
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In [4] , Birkhoff has shown that the set of hypercyclic vectors of a single operator is a G δ set. In what follows, we prove that the same result holds for the set of hypercyclic vectors of a set of operators.
Proposition 2.8. Let X be a second countable Baire complex topological vector space and Γ a subset of B(X). Then
where (U n ) n≥1 is a countable basis of the topology of X. As a consequence, HC(Γ) is a G δ type set.
Proof. Suppose that Γ is a hypercyclic set. Then, x ∈ HC(Γ) if and only if Orb(Γ, x) = X. Equivalently, for all n ≥ 1 we have U n ∩ Orb(Γ, x) = ∅. That is, for all n ≥ 1 there exists T ∈ Γ such that x ∈ T −1 (U n ). This is equivalent to the fact that x ∈ n≥1 T ∈Γ T −1 (U n ). Since
is an open subset of X for all n ≥ 1, it follows that HC(Γ) is a G δ type.
Topologically Transitive Sets of Operators
Topologically transitivity for a single operator was introduced by Birkhoff in [4] . This notion was generalized to sets of operators in [1] . If Γ is topological transitive in X, then there exist y ∈ φ −1 (U ) and T ∈ Γ such that T y ∈ φ −1 (V ), which implies that φ(y) ∈ U and φ(T y) ∈ V . Let S ∈ Γ 1 such that S • φ = φ • T , then φ(y) ∈ U and Sφ(y) ∈ V . From this, we deduce that Γ 1 is topological transitive in Y . In the following result, we give necessary and sufficient conditions for a set of operators to be topologically transitive.
Theorem 3.5. Let X be a complex normed space and Γ ⊂ B(X). The following assertions are equivalent: (i) Γ is topologically transitive;
(ii) For each x, y ∈ X, there exists sequences {x k } in X and {T k } in Γ such that
(iii) For each x, y ∈ X and for W a neighborhood of 0, there exist z ∈ X and T ∈ Γ such that T (z) − y ∈ W and x − z ∈ W. 
There exists sequences {x k } in X and {T k } in Γ such that
If W is a neighborhood of 0, then there exists N ∈ N such that x− x k ∈ W and T k (x k )− y ∈ W , for all k ≥ N .
(iii) ⇒ (i) Let U and V be two nonempty open subsets of X. Then there exists x, y ∈ X such that x ∈ U and y ∈ V . Since for all k ≥ 1, W k = B(0, 1 k ) is a neighborhood of 0, there exist z k ∈ X and T k ∈ Γ such that
This implies that z k −→ x and T k (z k ) −→ y. Since U and V are nonempty open subsets of X, x ∈ U and y ∈ V , there exists N ∈ N such that z k ∈ U and T k (z k ) ∈ V , for all k ≥ N.
It is known from Birkhoff's transitivity theorem [4] that an operator T ∈ B(X) is hypercyclic if and only if it's topologically transitive. Let Γ be a subset of B(X). In what follows, we prove that Γ is topologically transitive implies that Γ is hypercyclic. Theorem 3.6. Let X be a second countable Baire complex topological vector space and Γ a subset of B(X). Then, the following assertions are equivalent:
(ii) Γ is topologically transitive. As a consequence, a topologically transitive set is hypercyclic.
Proof. Since X is a second countable topological vector space, we can consider (U m ) m≥1 a countable basis of the topology of X. (i) ⇒ (ii) : Assume that HC(Γ) is dense in X. By Proposition 2.8, we have
Hence, for all n ≥ 1, the set A n = T ∈Γ T −1 (U n ) is dense in X. As a consequence, for all n, m ≥ 1 we have A n ∩ U m = ∅. Thus, for all n, m ≥ 1 there exists T ∈ Γ such that T (U m ) ∩ U n = ∅. Since (U m ) m≥1 is a countable basis of the topology of X, it follows that Γ is topologically transitive.
(ii) ⇒ (i) : Assume that Γ is a topologically transitive set. Let n, m ≥ 1, then there exists
The converse of Theorem 3.6 holds with additional assumptions. Theorem 3.7. Assume that X is without isolated point and let Γ ⊂ B(X) such that for all T , S ∈ Γ with T = S, there exists A ∈ Γ such that T = AS. Then Γ is hypercyclic implies that Γ is topologically transitive.
Proof. Since X is without isolated point, we can suppose that I ∈ Γ. Since Γ is a hypercyclic set, there exists x ∈ X such that Orb(Γ, x) is dense in X. Let U and V be two nonempty open sets of X, then there exist T , S ∈ Γ such that T x ∈ U and Sx ∈ V.
(3.1)
The following example shows that the condition of Theorem 3.7 is sufficient and not necessary.
Example 3.9. Let f be a nonzero linear form in X. Then there exists e ∈ X \ {0} such that f (e) = 0. For all x ∈ X let T x be an operator defined by
Let Γ = {T x : x ∈ X}. For all x ∈ X, we have T x (e) = x, that is x ∈ Orb(Γ, e). Hence X = Orb(Γ, e).
Consequently; Γ is a hypercyclic set and e ∈ HC(Γ). Moreover, for all y ∈ X \ {0} we have
Hence y ∈ HC(Γ). Thus, HC(Γ) is dense in X. By Theorem 3.6, we deduce that Γ is a topologically transitive set. Now Let e 1 , e 2 ∈ X \ {0} such that f (e 2 ) = 0. If there exists x ∈ X such that T e1 = T x T e2 , then T e1 (e) = T x (T e2 (e)). We have T e1 (e) = e 1 and
This is a contradiction.
In the next definition, we introduce the hypercyclic criterion for sets of operators.
Definition 3.10. Let Γ ⊂ B(X). We say that Γ satisfies the criterion of hypercyclicity if there exist two dense subsets X 0 and Y 0 in X, a sequence {k} of positives integers, a sequence of operators {T k } of Γ, and a sequence of maps S k : Y 0 −→ X such that:
Remark 3.11. Let T ∈ B(X). If Γ = {T n : n ∈ N}, then Γ satisfies the hypercyclicity criterion as a set of operators if and only if T satisfies the hypercyclicity criterion as an operator. Proof. Let U and V be two nonempty open sets of X. Since X 0 and Y 0 are dense in X, there exist x 0 and y 0 in X such that
For all k ≥ 1, let z k = x 0 + S k y. By Definition 3.10 we have S k y −→ 0 which implies that z k −→ x 0 . Since x 0 ∈ U and U is open, there exists N 1 ∈ N such that z k ∈ U , for all k ≥ N 1 .
On the other hand,
for all k ≥ N . Hence, Γ is topologically transitive set.
Remark 3.13. If X is a complex normed space and Γ is a subset of B(X) which satisfies the criterion of hypercyclicity, then by Theorem 3.12 Γ is a topologically transitive set. Thus, Γ satisfies the conditions (ii) and (iii) of Theorem 3.5.
Application
In this section, we study the particular case where Γ stands for a C-regularized semigroup. Reccal [7] , that an entire C-regularized group is an operator family (S(z)) z∈C on B(X) that satisfies:
(1) S(0) = C; (2) S(z + w)C = S(z)S(w) for every z, w ∈ C, (3) The mapping z → S(z)x, with z ∈ C, is entire for every x ∈ X. Example 4.1. Let X = C. For all z ∈ C, let S(z)x = exp(z)x, for all x ∈ C. (S(z)) z∈C is a C-regularized group and we have Orb((S(z)) z∈C , 1) = {exp(z) : z ∈ C} = C, which implies that (S(z)) z∈C is hypercyclic.
Remark 4.2. Example 4.1 shows that there exists a hypercyclic C-regularized group in finite dimensional. Moreover, the fact that the C-regularized group is hypercyclic does not implies that each S(z) is a hypercyclic operator, for all z ∈ C. This, is since finite dimensional space support no hypercyclic operator [19] . Lemma 4.3. Let (S(z)) z∈C be a hypercyclic C-regularized group. If C has dense range, then Cx ∈ HC((S(z)) z∈C ), for all x ∈ HC((S(z)) z∈C ).
Proof. This, since C ∈ {(S(z)) z∈C } ′ .
By Theorem 3.6, every topological transitive C-regularized group is hypercyclic. In the flowing we prove that the converse holds. Proof. Let x ∈ HC((S(z)) z∈C ), then by Lemma 4.3, Cx ∈ HC((S(z)) z∈C ). Let U and V be two nonempty open subsets of X. There exist z 1 , z 2 ∈ C such that S(z 1 )x ∈ C −1 (U ) and S(z 2 )x ∈ V. (4.1)
Let z 3 = z 1 − z 2 . By 4.1, we have S(z 3 )(S(z 2 )x) ∈ U and S(z 3 )(S(z 2 )x) ∈ S(z 3 )(V ), which implies that U ∩ S(z 3 )(V ) = ∅. Hence, (S(z)) z∈C is a topologically transitive Cregularized group.
If X is a Banach infinite dimensional space, then we have the next theorem.
Theorem 4.5. Let (S(z)) z∈C be a C-regularized group on a Banach infinite dimensional space X. If x ∈ X is a hypercyclic vector of (S(z)) z∈C , then the set {S(z)x : |z| ≥ |w|} is dense in X, for all w ∈ C.
Proof. Suppose that there exists w 0 ∈ C such that A = {S(z)x : |z| ≥ |w 0 |} is not dense in X. Hence there exists a bounded open set U such that U ∩ A = ∅. Therefore we have U ⊂ {S(z)x : 0 ≤ |z| ≤ |w 0 |} by using the relation X = {S(z)x : z ∈ C} = {S(z)x : |z| ≥ |w 0 |} ∪ {S(z)x : 0 ≤ |z| ≤ |w 0 |}, which means that U is compact. Hence X is finite dimensional, which contradicts that X is infinite dimensional.
